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Abstract

A necessary and sufficient condition is given, for the

disjunctive constraints construction to provide all valid cuts

for a system of logical constraints on linear inequalities.
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A CONVERSE FOR DISJUNCTIVE CONSTRA INT S

by C.E . Blair and R. G.  Jeroelow

Recently progranm~ing problems have been considered which

place logical restrictions on linear inequalities [1], [4], [8].

One format for these restrictions (1], [23 , [3] involves several

sets of linear constraints with the restriction that the feasible

vectors satisfy all the constraints in at least one of the sets.

nFormall y, we are concerned with the set of x e R satisfying
• 4• j a disjunction of inequality systems , i.e., the requireme nt tha t a t

leas t one of the follow ing sys tems hold for x:

A
j
x > b~

(S)~ (j ell)
x > O

where b
3 

€ ~~~~~~ A~ € Rm(j)~~
1
. Balas [1], [2] gave a method for

obtaining inequalities

(1) Ox > 6 (9 a R~, 6 £ R ]

• such that every x satisfying at least one of the (S)~ satisfied (1) :

(*) If h~ a Rm( j)
, h~ ,~~~ 0 for j € H then (1) is a valid cut where

• 6< i n f h b  and the
jell

jth component of 9 is at least the supremuin (over jell)

V of the jth component of h Aii
t •1
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In (S) 1, we allow the index set H to be finite or infinite

so long as H ~ 0. In (*) , it is required that the infima and

the supremum mentioned exist .

In this note we investigate conditions under which the operation

(*) gives 
~~~ 

valid cuts for thc systems S~.

Let S ~ H be the subscripts of those systems in

which are consistent (i.e., j £ S iff there is an x > 0 with

• A
1
x > b

a
]. Let I = H ‘..,S. Fot jell, e(A~) C

is the cone generated by the row s of A~. P (A
s
) = C vi v > w for

some w £e (A~)) i.e.~ ft(A~
) is the cone generated by the rows of

• 
-

, A~ plus the rows of the identity matrix for the 
constraints x > 0.

In wha t follow s , the intersection over an empty index set is the

whole space.

Theorem 1: The operation (*) gives all valid cuts for the disjunctive

conditions (S)~ if

(#) n ~D(A~) C~~ (A.
k
)

las
holds for every ket. Conversely, if S is finite and (*) gives all

valid cuts then (#) holds for every kel.

~~~~~ Suppose (#) holds and that Ox > 6 is a valid cut. By the

Farka s Lemma , for each j a S there is h
1 
> 0 such that h

1
A
1 

< 9

and h
1
b
1 
> 6. By the Kuhn-Fourier Theorem, for each j € I there is

P g
1 

> 0 such that ~1
A~ < and g

1
b
1 
> 0. By (#), 0 e#’(A

1
) for every j€i ,

hence there is g’
1 

> 0 such tha t g ’
1
A
1 
( 0. So we may obtain (I)

by the operation (*) by taking h
1 

as above for j e S and h = g ’ + X g
I I ii

for j  c I and suf f ic ien t ly  large .
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On the other hand, if (*) does not hold there is

9 € fl J(A )\ fl J(A 1). If S is finite there is some 6 such
j es j et

that the inequality Ox > 6 is valid for the disjunctive system

(S) 1. Since there is some jel such that h
1

A
1 
is not componentvise

< 9 for any h
1 

> 0, (*) cannot yield Ox 
~ 
6. Q.E.D.

For jeH,n~~(A1
) is a finitely generated cone. The

polar of .b’ (A
1
) is the negative of C xjx £ R’~, x > 0, A .

x > 0 3.

For finitely generated cones A ~ B A1’ ~ B
a’, A1’~ A, and

(2) 
~ fl A~ = closure~ E ~~~ ~ F ~ I, 

I finite}
id ieF

for an arbitrary index set I. Note that, if I in (2) is fini te,

(2) becomes
p

• (2)’ 
~ 

flA~ = E A
ilet ‘ id

We have the following results, where the sum over an empty

index set is [01.

Corollary 1: If H is finite the operation (*) gives all valid cuts for

the sys tems (S)
1 
iff

(H) ’ E [x lx>O , A 4x � O 3
~~

[ xi x > O A .Kx > O 3ja s
• for every kel .

Corollary 2: For any H, (*) gives all valid cuts if

closure ( u {E  [ x i x > o , A 4 x > O)})~~ [ x I x > O , Akx > 0 )4 FC S icy
F f in i t e  •~

for  every ku . 
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4.

We mention three app lications of Corollary 2.

Corollary 3: ([6, Corollary 23] for IHI finite). If A
1 

— A is independent

of j and S ~ 0 the n (*) gives all valid Cuts.

Corollary 4: If S ~ 0 and for each k c I there is j c S

such that

[xl x > 0 , A
1
x > O )  

~ [x lx> o , A
k
x> 0 )

then (*) gives all valid cuts.

- I Corollary 5 :  If each sys tem A
1
x > b has the form

A’ x >

Xl

• X r d j r

then (*) gives all valid cuts.

Proof :  [ x i x  5 0 , A’ x > 0 x1 
= O , . . . ,x 0 1 is independent

of j ,  and Corollary 3 applies.

Q.E.D.

Corollary 5 shows that the disjunctive constraint systems

corresponding to an integer program provide all the valid

cutting-planes, hence the same is also true of the equivalent

polyhedral annexation construction (see also [41 , [5] Lor a

proof of Corollary 5 for a bounded integer program).

• - •‘ - •----  ~~~~~ ~~~~~~~~~~~~~~~~~~~ 
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— ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— — 
____________________________ 

__________________________________ -

5.

When S is infinite the operation (*) may yield all valid inequalities

even though (#) does not hold .

Exa~ple: Let n = 2 ,H = [0,1,2,...). Consider the systems

x1
> 2  - x 2~~~

- i

(S)
0
iS 

~~ 
> -l for I > l,(S)~ is x1,x2 

> 0

xl, x2 > O  -•

Clearly every (x1, x2) € R2 with x1, x2 > 0 sa tisfies a t least one of the

systems (S) i, so the valid cuts are all of the form + ~ X
2 >a for all

~ 5 0 and a < 0. These can clearly be obtained by (*) .

However S = Cl ,2 ,. . .3, I = Co) , and

9 = (0,-l)e fl J(A )\J(A
0)jes

so (#) fails.

Finally , we give a necessary and sufficient condition for the case

when S is infinite. This condition appears to be harder to use than the

the sufficient condition (##). For icS , let E1= [x > Otki
x > b

k
).

Theorem 6: The operation (*) gives all valid inequalities for (S)
1 
iff

(H#) clconv ([03U (UEj))~~[X > O~A
1
x > 0 )

for every jel .

I ~ 
Proof. If Ox > 6 is a valid inequality for the systems (S)

1 
then every

x € U Ei must satisfy Ox > 6. By the Farka s lenmia , for each j € S there
, - j  icS

is g
1 
>0 such that g

3
A
1 ~ 9 and g

1
b

3 
> 6 .  For every x s c iconv([OIU(UE1)) -
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6.

we have Ox min(0 ,6). If (###) holds, then the conditions x > 0, A
1
x > 0

imply that Ox > min(O , 6) whenever j u t .  By the Farkas lemma there is , for

each JeI h
1 

> 0 such that h
3
A
1 

< 9. As in the proof of Theorem 1, the

inconsistency of A
1
x > b1, x > 0 is used to obtain Ox > 6 by (*) .

Conversely, if (#H ) fails there is j€I and

zc[x > O I A 1
x > 0)\ciconv([O) u( U E’)). By the separating hyperplane

icS
theorem there is 0,6 such tha t Oz < 6 and Ox 

~ 6 for x c clconv({O) u( u E )) .
u S

Ox > 6 i s  valid for the systems (S)
1 

and also 0 = 9 . 0 > 6.

If Ox > 6 were obtained by (*) , for some h > 0 we have h A < 0.
9 j I i

Hence , as z > 0 and A
1

z > 0, also Oz 
~ 
h
1
A
1
z 
~ 
0 > 6. This contradicts

Oz < 5. Q.E.D.
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